
 http://jcm.sagepub.com/
Journal of Composite Materials

 http://jcm.sagepub.com/content/48/20/2493
The online version of this article can be found at:

 
DOI: 10.1177/0021998313499951

 2014 48: 2493 originally published online 2 September 2013Journal of Composite Materials
Ahmet H Ertas and Fazil O Sonmez

Design optimization of fiber-reinforced laminates for maximum fatigue life
 
 

Published by:

 http://www.sagepublications.com

On behalf of:
 

 
 American Society for Composites

 can be found at:Journal of Composite MaterialsAdditional services and information for 
 
 
 

 
 http://jcm.sagepub.com/cgi/alertsEmail Alerts: 

 

 http://jcm.sagepub.com/subscriptionsSubscriptions:  

 http://www.sagepub.com/journalsReprints.navReprints: 
 

 http://www.sagepub.com/journalsPermissions.navPermissions: 
 

 http://jcm.sagepub.com/content/48/20/2493.refs.htmlCitations: 
 

 What is This?
 

- Sep 2, 2013OnlineFirst Version of Record 
 

- Jul 22, 2014Version of Record >> 

 at BOGAZICI UNIV LIBRARY on July 23, 2014jcm.sagepub.comDownloaded from  at BOGAZICI UNIV LIBRARY on July 23, 2014jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/
http://jcm.sagepub.com/content/48/20/2493
http://www.sagepublications.com
http://www.asc-composites.org/
http://jcm.sagepub.com/cgi/alerts
http://jcm.sagepub.com/subscriptions
http://www.sagepub.com/journalsReprints.nav
http://www.sagepub.com/journalsPermissions.nav
http://jcm.sagepub.com/content/48/20/2493.refs.html
http://jcm.sagepub.com/content/48/20/2493.full.pdf
http://jcm.sagepub.com/content/early/2013/08/29/0021998313499951.full.pdf
http://online.sagepub.com/site/sphelp/vorhelp.xhtml
http://jcm.sagepub.com/
http://jcm.sagepub.com/


JOURNAL OF
C O M P O S I T E
M AT E R I A L SArticle

Design optimization of fiber-reinforced
laminates for maximum fatigue life

Ahmet H Ertas1 and Fazil O Sonmez2

Abstract

Composite structures are usually subjected to fluctuating loads in service leading to fatigue failure. Because it is one of

the main failure modes, fatigue behavior of composites has been extensively studied to be able to design fatigue-resistant

composite structures. However, little attention has been paid to their design optimization under fatigue loading. In this

study, a methodology is proposed to find the optimum fiber orientation angles of composite laminates under various

in-plane loads to achieve maximum fatigue life. Fawaz–Ellyin’s model is used to predict the fatigue life of the laminates.

A variant of simulated annealing algorithm is used as the search algorithm in the optimization procedure. A number of

problems are solved to demonstrate the effectiveness of the proposed method.
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Introduction

Composites are used in many structural applications
such as airplanes, ships, sporting goods, due to their
superior properties like strength-to-weight or stiffness-
to-weight ratios. In addition, composites are less sensi-
tive to fatigue than metals. As a further advantage,
composite structures offer great flexibility in design by
allowing change of the material system in many differ-
ent ways.

The durability of a structure is defined as its ability
to maintain its mechanical performance through its ser-
vice life. Durability is an indication of safety as well as
cost considering that maintenance and repair expenses
throughout the service life depend on the durability of
the structure. In composites, as in metals, damage cre-
ation and growth are mainly due to fatigue under typ-
ical service loading leading to the loss of structural
integrity.1

Through an optimal selection of fiber and matrix
materials, fiber orientations, stacking sequence, and
lamina thickness, one may significantly increase fatigue
life of a composite structure and thus its durability.
Although there are numerous studies on design opti-
mization of composite structures subjected to static
loading, very few published studies exist on optimal
design of composites susceptible to fatigue failure.2,3

Adali2 optimized a symmetric angle-ply laminate

under in-plane cyclic loads and determined the max-
imum failure load. Walker3 presented a procedure to
minimize the thickness of laminated composite plates
under cyclic loads by using a specific limit for fatigue
life as a constraint. In the previous studies, the
researchers used fatigue models that were valid only
for limited laminate configurations and specific loading
conditions. Usually, more general layups and loading
conditions need to be considered in design optimization
for typical applications.

In order to maximize the fatigue life of a composite
laminate, one should first be able to accurately calculate
its fatigue life for any arbitrary configuration. This
requires a reliable fatigue assessment model. The exten-
sive research on composite materials1,4–21 revealed that
their fatigue behavior was more complex than that of
metals. In a metal, fatigue damage occurs through ini-
tiation and propagation of sharp cracks, which can be
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reasonably well predicted through the conventional
fatigue assessment models. Fatigue damage in compos-
ite materials, on the other hand, may result from sev-
eral mechanisms like fiber-splitting, fiber-breakage,
transverse micro-cracking, matrix cracking, fiber/
matrix debonding, void growth, and delaminations or
a combination of them.4

In this study, various fatigue assessment models were
examined and Fawaz and Ellyin’s model21 was found to
be the most suitable one for an optimization study. In
laminate design, materials of fibers and matrix, fiber
orientations, and lamina thicknesses are considered as
design variables. In this study, just fiber orientations
are considered as optimization variables. This means
that the results are optimum for the preselected mater-
ial and lamina thicknesses. However, by repeating the
optimization process for different materials and lamina
thicknesses, one may obtain optimum designs for dif-
ferent cases.

Optimizing complex configurations requires the use
of a global search algorithm. Local search algorithms
such as the ones used in the previous studies may not
find the best possible design in optimization problems
having complex design domain. Considering that
numerous local optimum designs exist in composite
optimization problems, a variant of simulated anneal-
ing (SA) is used to search the globally optimal designs.

Fatigue life assessment models for
composite materials

Fatigue life prediction models for composite materials
are mainly classified in five categories;6,22 cumulative or
progressive damage,5,7,19,23–25 probabilistic,8,10,23,26–28

phenomenological/empirical,8,9,15,20,21,29–35 artificial
neural network based,36,37 and micromechanics5,22,38

models.
In cumulative or progressive damage models, the

extent of material deterioration, which may range from
the initiation of damage up to the final catastrophic fail-
ure, is estimated corresponding to a given load fluctu-
ation. Fatigue life of composites shows a larger scatter
in comparison to metals due to formation of defects and
non-uniformities in the microstructure during the man-
ufacturing process.26,33 Probabilistic models provide a
statistical relationship between loading and the corres-
ponding fatigue life. Phenomenological/empirical
models estimate the fatigue life due to constant ampli-
tude loading based on experimental datawithoutmaking
any assumption regarding themicromechanisms leading
to fatigue failure. In artificial neural network-based
models, the relation between applied load and fatigue
life is obtained through a neural network system previ-
ously trained using existing empirical data.
Micromechanical models, on the other hand, attempt

to describe the fatigue response of composites based on
the fatigue behavior of the constituent materials.

Although many fatigue life prediction
models5,7,8–10,13–15,20,21,23–39 were proposed for compos-
ites, most of them are not suitable to use in general
design optimization studies because of their
restricted applicability. The existing models are usually
applicable only to, or validated only for, specific
layups10,14,15,20,21,26,29–33,35–37,39 or particular lamina
thicknesses.5,14,34,36 Most of the models were validated
for uniaxial tension, some of them7,20,21 for biaxial
tension, some for shear loading,26 and some23,30

for bending. Many of them9,10,13,14,23,31,32,34–36,39 are
validated for just one type of material. Some
of them8,11,15,20,21,24,28,34,36 account for the effect of
R-ratio.

Besides the general applicability, ease of use and
requirement of few empirical constants are essential
for a model to be used in a design optimization study.
In these respects, Fawaz and Ellyin’s model21 seems to
be a promising model considering its applicability to
various in-plane loading states and arbitrary fiber
orientations requiring only two empirical constants.
However, this model has not yet been validated for
multiaxial laminates with arbitrary layup configur-
ations. In this study, first, the validity of the model
for these laminate configurations is investigated.
Secondly, applicability of the first-ply-failure approach
as opposed to progressive failure is studied. After these
investigations, a methodology for design optimization
of composite laminates under fatigue loading is pro-
posed and then applied.

Fawaz and Ellyin’s parametric fatigue life
prediction model

The fatigue life of a fiber-reinforced laminate depends
primarily on the type of constituent materials, fiber
orientation angle, �, the range of cyclic stress, ��ij,
and R ratio, �min=�max. Fawaz and Ellyin’s model21

accounts for all these factors using only basic and
easily obtained material properties.

Consider a continuous fiber-reinforced lamina sub-
jected to in-plane stresses, as shown in Figure 1. Fawaz
and Ellyin assume that a semi-log linear relationship
exists between the range of cyclic stress and the fatigue
life as the following:21

��xx ¼ m log Nð Þ þ b ð1Þ

where ��xx is the alternating normal stress along the x
direction �max � �minð Þ/2, m, and b are parameters
having values that depend on the material, the orienta-
tion angle, �, and the stress state, and N is the corres-
ponding number of cycles to failure.
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First, the relation is empirically established for a
chosen reference direction, �r, as the following:

��xx ¼ mr log Nð Þ þ br ð2Þ

where mr and br are the constants found by curve fitting
of the experimental data, i.e. the measured fatigue lives
corresponding to different levels of alternating stress
applied to a lamina oriented with �r. The parameters
in equations (1) and (2) are related by

m ¼ f a1, a2, �ð Þ g Rð Þmr

b ¼ f a1, a2, �ð Þbr
ð3Þ

where f and g are non-dimensional functions given by

f a1, a2, �ð Þ ¼
Sxx a1, a2, �ð Þ

Sxxr a1r, a2r, �rð Þ
ð4Þ

g Rð Þ ¼
�max

�ðmaxÞ r

� �
1� R

1� Rr

� �
ð5Þ

where Sxx and Sxxr are the level of �xx at which static
failure occurs for the actual and reference configur-
ations, respectively, f accounts for the difference in the
static strength between the actual and the reference con-
figurations due to the difference in the fiber angles (� and
�r) and biaxial stress ratios (a1 and a2), while g explains
the difference in the R-ratio. These are given by

a1 ¼ �yy=�xx ð6Þ

a2 ¼ �xy=�xx ð7Þ

R ¼ �min=�max ð8Þ

In order to calculate the strength correlation factor,
f, the magnitude of �xx at which static failure occurs is

required. For this purpose, a static failure criterion,
Tsai–Hill, is used. In Fawaz and Ellyin model, the
model parameters are found by conducting fatigue
tests on laminates having the reference angle, �r. After
obtaining the empirical relation between stress and life
for this reference fiber orientation, the relations for
other angles are obtained by using a static failure cri-
terion assuming that the change in fatigue strength is
correlated with the change in static strength. They
obtained this correlation with Tsai–Hill static failure
criterion.

Experimental correlation of the model

Fawaz and Ellyin validated their model for unidirec-
tional glass/epoxy, graphite/epoxy, and boron/
aluminum laminates under uniaxial loading and also
bi-directional woven laminates under biaxial loading
with different biaxial stress ratios by comparing the
predictions of their model with the experimental data
available in the literature for these types of laminates
for different load levels and angular orientations.
The agreement was satisfactory.

In this study, the model is applied to multidirectional
laminates that consist of laminae having different fiber
orientations. First, the fatigue life of a lamina is
assumed to depend on its local stress state not directly
on the global loading conditions on the laminate.
Secondly, some of the interactions between plies are
neglected. Residual stresses may develop during manu-
facturing of laminated plates due to discrepancy in the
thermal expansion coefficients of laminae. Progression
of cracks may be impeded under the constraining effect
of the adjacent laminae. These have some bearing on
the fatigue life; however, these factors are not con-
sidered to be the dominating factors for the problem
considered in the present study. The fatigue life of a
lamina in a laminate is calculated the same as a unidir-
ectional laminate having the same thickness and orien-
tation angle under the same stress state. Some
interactions like stress concentrations at the free edges
arising due to different fiber orientations of stacked
plies are taken into account by imposing constraints
on the optimization. In order to validate this approach,
the results of the model are compared with the mea-
sured fatigue lives of multidirectional laminates
reported by Rotem and Nelson9 on graphite/epoxy
laminates. For the reference values, mr and br, the fati-
gue life (S-N) curve for [�45]4s laminate is used
(mr¼�23.38, br¼ 189). Neglecting the free edge effects
and considering that the stress state in þ45�-laminae is
about the same as that of �45�-laminae except that
shear stresses reverse sign, the life of [�45]4s laminate
is assumed to be close to that of [458]s.

Figure 1. A representative geometry of a unidirectional lamina

showing stresses and fiber orientation angle.
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Figure 2 presents a case in which the first and last
failure loads are different. Rotem and Nelson39 pro-
vided the fatigue lives of quasi-isotropic and symmetric,
[0/45/�45/90]2s, specimens subjected to different levels
of alternating stress. In order to calculate the first-ply
failure life, the stress state in each lamina is found using
classical lamination theory; then the fatigue life of each
lamina is calculated using Fawaz and Ellyin’s model;
the lowest, which is that of 90�-lamina, is taken as the
first-ply failure life. After 90�-laminae fail, the remain-
ing laminae continue to transmit the load. In order to
calculate the remaining fatigue life, a progressive
approach is used. After the 90�-laminae fail, the load
is redistributed among the surviving laminae. For this
reason, the stress states are recalculated and the fatigue
lives are reevaluated. Because, after each lamina failure,
stress amplitudes change, Miner’s rule is used to deter-
mine the fatigue life in the remaining laminae. This
procedure is repeated for several load levels and the

first and final fatigue lives versus average stress are
plotted in Figure 2. For this laminate configuration,
no significant difference exists between the first-ply
and last-ply failure lives and the predictions are
within the scatter of the empirical data. The reason is
that although 90�-laminae are quite weak against
normal stresses in the x direction compared to 0�-lami-
nae (74MPa versus 1630MPa strength), they are sub-
jected to much lower stresses (20MPa versus 250MPa).
Accordingly, 90�-laminae do not fail prematurely.

Figure 3 presents a comparison of the first-ply and
last-ply failure predictions with the experimental data
provided by Rotem and Nelson.9 The first-ply failure
predictions turn out to be greatly conservative for this
configuration. Only a progressive failure approach can
represent the actual failure behavior for such layup
configurations. One recognizes that if the fatigue lives
of the individual laminae in a laminate are close to each
other like the one shown in Figure 2, the first-ply failure

Figure 2. Comparison of the first-ply and last-ply failure predictions of Fawaz and Ellyin’s model21 with the results of Rotem and

Nelson39 on quasi-isotropic glass/epoxy laminates.

Figure 3. Comparison of the first-ply and last-ply failure predictions of Fawaz and Ellyin’s model21 with the results of Rotem and

Nelson39 on cross-ply glass/epoxy laminates.
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approach gives acceptable predictions; but if a huge
difference exists between the lives of laminae like the
case in Figure 3, the first-ply failure approach yields
highly conservative results. This means that it can be
used in a design optimization study where layer thick-
ness and orientations are optimized to maximize the
fatigue strength. The layers in an optimized laminate
will then have more or less the same fatigue strength;
the first and the last-failure lives will then be the same.
In view of that, the first-ply failure approach is adopted
in this study, and this assumption is validated after the
results are obtained.

One should note that the model does not account for
the effects of frequency, temperature, and moisture on
fatigue life. Therefore, the predictions are valid only if
the empirical reference S-N curve, equation (2), is
obtained in the same environmental conditions.

Problem statement

The problem considered in this study is to design lami-
nated composites subjected to in-plane loads for max-
imum fatigue life. The number of distinct laminae, n,
and their thickness, to, are given. The orientation angle,
�k, in each lamina is to be determined in the design
process. Accordingly, the number of design variables
is n. The orientation angles take discrete values; in
other words, they are chosen from a finite set of
angles. According to the manufacturing precision, the
interval between the consecutive angles may be 15�, 10�,
5�, or even smaller.

Formulation of the objective function

Considering that after design optimization, fatigue
strengths of laminae comprising the laminate will be
about the same and thus they are expected to fail sim-
ultaneously, the first-ply failure approach is adopted in
the present design optimization study rather than a pro-
gressive failure approach. Then, the laminate is con-
sidered to have the same fatigue life as the lamina
that has the shortest fatigue life, N.

In laminate design, the number of contiguous plies
of the same orientation is limited to prevent progression
of matrix damage through the thickness and thus avoid
large matrix cracks; the maximum thickness is experi-
mentally determined and it is usually taken as four plies
for CFRP laminates under static loading.40 Some
experimental studies41 suggest increased matrix crack
growth for laminates with laminae containing more
than two plies. As another failure mode, edge delamin-
ations tend to increase if the difference between the
angles of two consecutive laminae exceeds 45�.40

These factors are taken into account in the present opti-
mization procedure by imposing constraints and adding

penalty values to the objective function whenever these
constraints are violated. Whenever a new configuration
is generated by the search algorithm, these require-
ments are checked; if the difference between the fiber
angles of two consecutive laminae, ��, is greater 45�, a
penalty value equal to ���45 is added. If the number
of plies in a lamina, nk, is larger than two, a penalty
value equal to 10ðni � 2Þ is added. If the difference
between the fiber angles of consecutive laminae is less
than 5�, the sum of the number of plies in those laminae
is also constrained not to exceed two. Considering these
constraints, the objective function is formulated as

f ¼ � logðNÞ þ c1
X
i2I

10 ni � 2ð Þ þ c2
X
j2J

��j � 45
� �

ð9Þ

where ni is the number of consecutive plies having the
same orientation, I is the set of laminae in which the
contiguity constraint is violated, ��j is the difference
between the fiber angles of two consecutive laminae,
J is the set of laminae in which the angle-difference
constraint is violated, c1 and c2 are weighing factors.
Because the search algorithm is constructed to minim-
ize the objective function, the negative of the fatigue life
of the laminate, N, is taken in the objective function.
Besides logarithm of N is taken so that the order of
magnitudes of the terms in the objective function are
about the same.

In order to determine N, fatigue life of each lamina is
calculated using equation (1) and the smallest of them is
chosen as the fatigue life of the laminate, N.

The optimization procedure proposed in this study
does not make use of the endurance limit of the mater-
ial. A laminate configuration is considered to be more
fatigue-resistant than another if the fatigue life esti-
mated by the fatigue model is longer than that of the
other even if the applied cyclic stress is less than their
endurance limits and actually they both have infinite
fatigue life. Here we assume that the former will have
a longer life in a harsher loading condition.

Optimization methodology

Optimization algorithm

In this study, a variant of SA algorithm is used.42 The
search algorithm is presented in Figure 4. The algo-
rithm is similar to direct search simulated annealing
(DSA)43 in that a set of current configurations rather
than a single current configuration is maintained during
the optimization process. Accordingly, unlike the
standard SA algorithm where only the neighborhood
of a single point is searched, the present algorithm
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searches the neighborhood of all the current points in
the set. At the start of the optimization process, initial
configurations are randomly created within the design
domain by randomly selecting values for the design
variables. The number of initial configuration, M, is
equal to 8(nþ 1), where n is the number of design
variables as mentioned before. The design variables
are the orientation angles of the fibers in the laminae,
�i. In order to generate an initial laminate configur-
ation, values among (�90, �90þ�, . . . , �2�, ��, 0,
�, 2�, . . . , 90��, 90) are randomly chosen for the
lamina angles, �i. Here � is the interval between con-
secutive angles, which may be 1�, 5�, 10�, 15�, 30�,
45�, or 90� according to the manufacturing precision.
After the initial laminate configurations are randomly
chosen, their objective function values are calculated.
SA requires random generation of a new configuration
in each iteration. For this purpose, a configuration in
the neighborhood of one of the current configurations
is randomly generated as follows: First, one of the
current configurations is randomly chosen. Then,

random differences are introduced to the fiber orien-
tation angles.

�0k ¼ �k þ r��max ð10Þ

where �i is the fiber orientation angle in the ith layer of
the randomly chosen current configuration; �0i is the
fiber orientation angle of the ith lamina in the newly
generated configuration; r is a randomly chosen real
number within [�1, 1]; ��max is the maximum variation
that may be introduced to �i. �

0
i is rounded to the near-

est discrete angle along which the fibers can be oriented.
The lower and upper limits for �0i are �90

� and 90�,
respectively. If a number greater than 90 is generated
for �0i, 180 is subtracted from this number. If it is less
than �90, 180 is added. Then, the structural analysis of
the laminate is carried out using the classical lamination
theory to determine the stress state generated due to the
maximum load. Since the structure is assumed to be
linear, the stresses corresponding to the minimum
load are obtained by reducing the calculated stresses
by the minimum-to-maximum-load ratio. Using the
calculated values of the stress components, ��xx,
��yy, and ��xx, the fatigue life of each lamina is esti-
mated using equation (1). Then, the minimum value is
chosen as the fatigue life of the laminate. Acceptability
of a newly generated trial configuration, At, depends on
the value of its cost, ft, which is calculated by

At ¼
1 if ft � fh

expðð fh � ftÞ=TkÞ if ft 4 fh

�
ð11Þ

where fh is the cost (objective function value) of one of
the high-cost current configurations; Tk is the tempera-
ture parameter for the kth Markov chain. Iterations
during which the value of the temperature (or control)
parameter, Tk, is kept constant are called kth Markov
chain (or inner loop). According to equation (11), every
new design having a cost lower than the cost of the
worst design is accepted. But, if the cost is higher,
the trial configuration may be accepted depending on
the value of At. If it is greater than a number randomly
generated between 0 and 1, Pr, the trial configuration is
accepted, otherwise rejected. The number of iterations,
L, executed in a Markow chain is calculated according
to the formula provided by Ali et al.43:

Lk ¼ Lþ L 1� ef‘�fh
� �

ð12Þ

Here

L ¼ 10n ð13Þ

where n is the number of design variables, which is
equal to the number of distinct lamina angles; f‘ is

Figure 4. The main optimization procedure.
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the value of the best current configuration, which has
lowest objective function value.

The temperature parameter, T, controls the conver-
gence of the optimization process just like the tempera-
ture controls micro-structural changes in the physical
annealing process. At the start, the value of the tem-
perature parameter is chosen to be so large that almost
any arbitrary configuration is accepted. This is because
in order to prevent getting stuck into a local minimum
at early stages of the optimization and search a large
design space, the probability of acceptability must be
high. This stage resembles melting in the physical
annealing where atoms can rearrange themselves
freely. After all the iterations in an inner loop are exe-
cuted, the temperature parameter, T, is reduced, a new
inner loop begins. The reduction scheme is as follows

Tk ¼ �kTk�1 ð14Þ

where Tk�1 is the temperature parameter in the (k�1)th

Markov chain and �k is temperature reduction factor.
As equation (11) implies, when T is decreased, the
probability that a configuration with a higher cost is
accepted becomes lower. At low values of temperature
parameter, acceptability becomes low; thus at low tem-
peratures, acceptance of worse configurations is unli-
kely, just as the atoms become stable, and do not
tend to change their arrangements.

In DSA, if a new configuration is accepted, it
replaces the worst configuration. The replacement
scheme of DSA has one drawback that becomes espe-
cially apparent with a high number of design variables.
For instance, if one optimizes a laminate with 16 dis-
tinct lamina angles using DSA, the number of current
configurations will be 8(16þ 1)¼ 136. At the initial
stages of the optimization process, the current config-
urations quickly gather around local minimums except
the worst one, which is frequently updated by higher-
cost configurations at high temperatures. Because new
configurations are generated in the neighbourhood of
the current ones, search becomes restricted to a small
segment of the feasible domain except for the trials in
which the new configuration is generated around the
worst current configuration, which are very infrequent.
In order to remedy this, the replacement scheme of
DSA was modified. The current configurations are
ordered with respect to their objective function value.
If a new configuration is accepted, it replaces a current
configuration randomly chosen among (nþ 1) worst
configurations instead of the worst one. Thus, 7(nþ 1)
of the current configurations having low cost remain in
the set unless better ones are found through iterations.
The others, on the other hand, may be replaced by
higher cost configurations with a probability depending
on the temperature parameter. In this way, (nþ 1)

configurations become dispersed in the feasible
domain at high temperatures and thus a thorough
search of the feasible domain can be achieved. In the
present version of the algorithm, the objective function
value of the best of the worst (nþ 1) current configur-
ations is used for fh in equation (11).

In order to find the globally optimal design, one
should be able to search a large solution domain. For
this reason, instead of giving small perturbations to the
current configuration to obtain a new configuration in
its near neighborhood, one should allow a large vari-
ance in the current configurations. For this reason, the
magnitude of ��max is taken as 50�. This means that the
neighborhood of a current configuration where a new
configuration is generated is initially quite large. In this
way, the solution domain can fully be searched. This
can also be considered as a logical consequence of
simulating the physical annealing process, where mobil-
ity of atoms is large at high temperatures, and thus the
probability that atoms may form a quite different con-
figuration is high. In the present search, algorithm
unlike DSA, the magnitude of ��max is not kept con-
stant. ��max, thus variation in �k, is reduced as the tem-
perature parameter is decreased; but the reduction
scheme of the search algorithm does not directly
depend on temperature. If there is no improvement
on the worst of the best 7(nþ 1) current configurations
during a Markow chain, ��max is reduced by multiply-
ing with a factor to make the searched region smaller
and thus increase the likelihood of finding a better
design.

��0max ¼ c ��max ð15Þ

where c¼ 0.999. Reduction of the maximum variation
in the optimization variables is a feature of the present
search algorithm that is different from DSA: Here,
there is a similarity to the physical annealing process,
where the mobility of atoms decreases as the tempera-
ture is lowered. Reduction in the temperature should be
slow enough to allow time-dependent micro-structural
changes to occur and to reach equilibrium. In SA, non-
improvement in the current set implies that further
changes are unlikely with the current values of ��max.
For this reason, a reduction scheme different from SA
or DSA algorithms is adopted for the temperature par-
ameter. Instead of reducing Tk by a specific ratio, it is
made dependent on the reduction in ��max, because it is
a better indication of equilibrium at a specific tempera-
ture level. The temperature reduction factor, �k in
equation (14), is calculated as

�k ¼
�max if Lk

a=L
k 5 ��maxð Þ= ��imaxð Þ½ � þ 0:01

�min else

(
ð16Þ
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where Lk is the number of trials executed in the kth

Markow chain and Lk
a is the number of accepted con-

figurations. Accordingly, Lk
a=L

k ratio is a measure of
acceptability in a Markow chain. ��max and ��imax are
the current and initial maximum variation in the lamina
angles, respectively. �max and �min are taken to be
0.9999 and 0.99. Through the use of this equation,
the value of the temperature parameter is controlled
so that acceptability of Markow chains, Lk

a=L
k,

become out equal to the ratio of the current and initial
maximum variance, ��max=��imax. When the accept-
ability is higher, temperature parameter is reduced at
a faster rate, �min; otherwise at a slower rate, �max. At
the initial stages of the optimization, the right hand side
of the inequality is close to 1.0; accordingly, the tem-
perature level is kept high such that the ratio of the
number of accepted trials to the total number of trials
remains close to 1.0. When ��max approaches zero at
the end of the optimization process, temperature par-
ameter also approaches zero; acceptability of a new
configuration, At in equation (11), then comes close
to zero. Iterations are continued until the difference
between the values of the best and the worst current
configurations becomes small.

Numerical results and discussions

Results were obtained for a unidirectional E-glass/
epoxy fiber-reinforced material with the material
properties given31 as E11¼ 181GPa, E22¼ 10.3GPa,
G12¼ 7.17GPa, n12¼ 0.28, Xt¼�Xc¼ 1235.64MPa,
Yt¼�Yc¼ 28.44MPa, and S¼ 37.95MPa. The ply
thickness is 0.127mm. The reference values for fatigue
life are mr¼�15.31 and br¼ 148.13 obtained for
�r¼ 15�. R ratio is 0.1. The aforementioned design opti-
mization algorithm was applied to laminates having
various lay-up configurations and subjected to different
types of in-plane loads.

Optimum designs obtained with unconstrained
optimization

First, laminates are optimized using the aforemen-
tioned optimization procedure to obtain the maximum
fatigue life without imposing contiguity and angle dif-
ference constraints. Table 1 shows the optimum lay-up
configurations for a laminate with four distinct lamina
angles, [�4/�4/g4/�4]s, subjected to various in-plane
normal loads. The table also presents the corresponding
fatigue lives and the failure indices calculated according
to Tsai–Wu and maximum stress static failure criteria.
One should note that the objective function of the
unconstrained optimization is not affected by the stack-
ing sequence for in-plane loads. For this reason, alter-
native stacking sequences are not shown in the tables.
For example, the sequence [04/90404/904]s is shown as
[08/908]s. As the results indicate, all the laminate con-
figurations are safe against static failure. The fatigue
life is found to be very sensitive to the level of stress.
With a change in stress level, the fatigue life dramatic-
ally changes.

Table 2 shows the effect of the existence of shear
stress on the optimal designs. The results given in
these tables suggest a correlation between the static
strength and the fatigue strength. If a laminate is stron-
ger against static loading, it is likely that it is also stron-
ger against fatigue loading. However, this is not a rule.
As seen in the tables, there are laminate configurations
having a smaller safety factor against static failure, but
a longer fatigue life.

If a higher number of design variables are used, the
solution domain is enlarged and within the enlarged
domain a better optimum design may be found.
Table 3 shows the results obtained using 16 distinct
fiber angles. For some loading cases, the same design
is obtained; but for others, the algorithm finds
improved designs.

Table 1. The optimum lay-ups of laminates with a configuration of [�4/�4/g4/�4]s and the corresponding fatigue lives for various in-

plane normal loads.

Loading

(�105 N/m)

Nxx/Nyy/Nxy Optimum lay-up sequences

Failure indices

(Tsai–Wu)

Failure indices

(max. stress)

Fatigue life

(cycles)

5/0/0 [016]s 0.010 0.100 5.633� 108

5/3/0 [�388/388]s 0.145 0.419 284,222

5/5/0 [�4/(�þ 90)4/�4/(�þ 90)4]s,

[�104/804/�304/604]s,

[�454/454/�154/754]s, . . .

0.262 0.579 11,190

5/7/0 [498/�508]s 0.355 0.663 1291

5/�5/0 [08/908]s 2.121 2.892 972,480

5/�7/0 [08/908]s 1.542 1.884 25,926
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Table 3 also presents failure indices calculated using
Tsai-Wu static failure criterion and fatigue lives of each
lamina. After the fiber orientations of the laminate are
optimized, static strengths of the laminae nearly
become equivalent. The differences may be attributed
to the discrete nature of lamina angles and thicknesses.
Because fatigue life is very sensitive to stress levels, 10%
difference in stress levels may result in an order of mag-
nitude difference in fatigue life. For this reason, fatigue
lives of laminae show much larger variance. However,
in all of the optimum designs, the first ply and last ply
failure loads are the same. This justifies the use of a
first-ply-failure criterion for smooth plates in the pre-
sent design optimization methodology. However, in the

optimization of notched plates, a progressive failure
approach may be a better choice.

There are also counter intuitive results. For the
loading case, Nxx¼ 5� 105, Nyy¼ 2.5� 105, Nxy¼

5� 105N/m, the optimum configuration is [3814/
�522]s and its fatigue life is 576,080 cycles (Table 3).
When Nyy is increased to 7.5� 105N/m, the optimum
configuration becomes [348/708] and the fatigue life of
the optimum configuration increases to 1.729� 106

cycles (Table 2). This means that in some cases, if one
component of stress is increased, the algorithm may
find a design with higher fatigue strength. The reason
for this is that increased Nyy results in a higher level of
stress along the fiber direction in the new optimum

Table 2. The effect of shear forces on the optimum lay-ups of laminates with a configuration of [�4/�4/g4/�4] and the

corresponding fatigue lives.

Loading (�105 N/m)

Nxx/Nyy/Nxy

Optimum lay-up

sequences

Failure indices

(Tsai–Wu)

Failure indices

(max. stress)

Fatigue life

(cycles)

0/0/5 [458/�458]s 0.222 0.346 972,480

5/0/5 [314/328/�584]s 0.290 0.400 283,626

5/2.5/5 [3812/�524]s 0.318 0.504 76,212

5/5/5 [4516]s 0.040 0.199 6.700� 107

5/7.5/5 [348/708]s 0.105 0.246 1.729� 106

5/10/5 [378/808]s 0.184 0.322 84,475

5/5/2.5 [148/768]s 0.152 0.345 226,282

5/5/7.5 [�454/4512]s 0.628 0.685 1186

Table 3. The optimum lay-ups of laminates obtained using 16 distinct lamina angles and the corresponding fatigue lives for various

loadings.

Loading (�105 N/m) Nxx/Nyy/Nxy Optimum lay-up sequences Failure indices (Tsai–Wu) Fatigue life (cycles)

5/7/0 [495/�495/�503/503]s (0.356/0.356/0.352/0.352) (1296/1296/1369/1369)

5/�7/0 [07/909]s (0.346/0.289) (106,130/323,617)

5/2.5/5 [3814/�522]s (0.191/0.243) (2,001,512/576,498)

5/10/5 [367/42/808]s (0.187/0.142/0.186) (85,514/269,161/87,032)

5/5/7.5 [�452/4514]s (0.492/0.566) (17,029/5504)

Table 4. The effect of shear forces on the optimum lay-ups of laminates with a configuration of [�4/�4/g4/�4] and the corresponding

fatigue lives.

Loading (�105 N/m)

Nxx/Nyy/Nxy Optimum lay-up sequences

Failure indices

(Tsai–Wu)

Fatigue life

(cycles)

0/0/5 [�47/�45/�42/�47/�42/�45/�47/�23/22/43/46/48/43/46/48/43]s 0.265 171,738

5/2.5/5 [41/39/36/41/39/36/41/39/36/42/39/37/3/�42/�60/�55]s 0.307 118,376

5/5/2.5 [11/16/112/16/112/26/71/782/73/782/73/78]s 0.165 160,972

5/5/7.5 [�462/�59/76/47/45/42/472/42/45/47/42/45/48/43]s 0.606 1642
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configuration, but a lower stress transverse to it due to
Poisson’s effect. In other words, when Nyy is increased
from 2.5� 105 to 7.5� 105N/m, the more damaging
stress component decreases in the optimal design,
while the stress components against which the laminate
is much stronger increase.

If, instead of optimal laminates, quasi-isotropic
laminates having the same thickness are used under
the same conditions, most of them fail at the first
load cycle. The failure indices of the quasi-isotropic
laminates are much larger than that of the optimal
laminates.

Optimum designs with contiguity and angle
difference constraints

Some of the laminate designs given in Tables 1 to 3 can
be reconfigured to satisfy the constraints; for example
[348/708]s can be rearranged as [342/702/342/702/342/702/
342/702]s so that the laminae do not contain more than
two plies and the angles between the neighboring lami-
nae do not exceed 45�. On the other hand, for some
loading cases, constraints need to be imposed.
Otherwise, growth of transverse cracks and edge delam-
inations, which are the factors not accounted for by the
fatigue assessment model, may significantly reduce the
fatigue life of the laminate. Table 4 presents the con-
strained optimization results. The failure indices of the
optimum laminate designs satisfying the constraints are
not much lower than that of the designs obtained with
unconstraint optimization; some of them have even
higher values.

Conclusions

In this study, an optimization procedure, a variant of
SA, is proposed to find the globally optimum designs of
composite laminates subjected to given in-plane loads
for maximum fatigue life. Fiber orientation angle in
each layer is taken as design variable. The fatigue-life
prediction models proposed in the literature were exam-
ined and compared as to their success in correlating
with the experimental data in a wide range of loading
conditions and laminate designs. The model proposed
by Fawaz and Ellyin21 accounts for the effect of fiber
angle, biaxial loading, and R ratio. For this reason, this
model is used to estimate the fatigue lives of the con-
figurations generated during optimization.

The search algorithm turned out to be consistent and
reliable in finding the optimum designs. The optimiza-
tion process was repeated at least 10 times starting from
random initial configurations for each loading case. In
almost all of these runs, the same optimum design was
found even with a large number of optimization
variables.

Results are also obtained by imposing contiguity
constraint, that means no lamina may contain more
than two plies, and the constraint that the difference
between two consecutive laminae may not exceed 45�.
The fatigue model does not account for these factors
affecting fatigue life.

The fatigue strength is correlated with the static
strength. Laminates that are stronger against static
loading are also stronger against fatigue loading.
However, for a number of loading cases, some laminate
designs were found to have longer fatigue lives in com-
parison to some others; but they also have lower safety
factors against static failure according to the chosen
failure criteria.

Fatigue life was found to be very sensitive to stress
level. Increasing the stress level dramatically shortens
the fatigue life. Therefore, one should be more cautious
in designing structures against fatigue failure.

The first-ply and last-ply failure loads are found to
be the same for all of the optimum designs. This justi-
fies the use of the first-ply failure approach in the pre-
sent study.

In some loading cases, the optimal designs can be
counter intuitive. Sometimes, when one component of
loading is increased, it is possible to find a laminate
design with a longer fatigue life. Therefore, a design
process for composite materials should not be based
on intuition or experience.
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